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Abstract. In this paper, we develop the theory of Baer invariants for triples of 
groups. First, we focus on the general properties of the Baer invariant of triples. 
Second, we prove that the Baer invariant of a triple preserves direct limits of directed 
systems of triples of groups. Moreover, we present a structure for the nilpotent mul- 
tiplier of a triple of the free product in some cases. Finally, we give some conditions 
in which the Baer invariant of a triple is a torsion group. 
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1 Introduction and Motivation 

Throughout the article, let V be an arbitrary variety of groups defined by a set of laws 
V and consider the functor V{—) between groups which takes a group to its verbal 
subgroup. By a triple of groups (G, M, N) we mean a group G with two normal sub- 
groups M. A homomorphism of triples (Gi,Mi,A''i) — >■ (G2, M2, N2) is a group 
homomorphism Gi — )■ G2 that sends Mi into M2 and A'^i into N2. 

Finding a topological interpretation for algebraic concepts can be useful to solve 
some algebraic problems. The Schur multiplier, M{G), of an arbitrary group G can be 
described as the second integral homology H2{X) of a connected CW-space X, where X 
has the fundamental group G and contractible universal cover [8] . The Baer invariant of 
G, VM{G), has a similar topological interpretation. For this, consider the first homotopy 
group, 7ri{KjV{K^)), of the factor of a free simplicial resolution of the group G [6]. 
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G. Ellis [5] defined the Schur multiplier of a pair of groups (G, N) denoted by 
M{G,N), as a functorial abelian group whose principal feature is a natural exact se- 
quence 

■ ■ ■ ^ M{G, N) M{G) M{G/N) 
N/[N, G] G"-^ {G/Nf^ 0. 

The natural epimorphism G ^ G/N implies the following exact sequence of free simpli- 
cial groups 

1 — > kcr(a) K, L, ^ I, 

where and L. are free simplicial resolutions of G and G/N, respectively [6]. The 
authors in [10] extended the above notation to the Baer invariant of a pair of groups, 
VM{G,N), as the first homotopy group of the kernel of a map ay, 7ri(kera„), where 
: KJV{K) — > LJV{L) is induced from the simplicial map a. Also the authors 
obtained the following long exact sequence 

• • • ^ VM(G, N) VM{G) VM{G/N) 

NI[NV*G] G/V{G) {G/N)/V{G/N) 0. 

The Schur multiplier of a triple was first studied by Ellis [5], who introduced it as a 
functorial abelian group M{G, M, N) which fits into the following natural exact sequence 

••• M{G,M,N) ^ M{G,N) ^ M{G/M,MN/M) 

^ Mr]N/[MnN,G] [M, N] N/[N, G] MN/M[N, G] 0. 

In this article, we intend to extend the concept of the Schur multiplier of triples to the 
Baer invariant of triples of groups with respect to an arbitrary variety V using homotopy 
theory for simplicial groups and free simplicial resolutions of groups. 

Definition 1.1. Consider the following natural commutative diagram of a triple of 
groups (G, M, N) 

G ^ § 

; I 

G_ . _G_ 

M MN 

which implies the following commutative diagram of simplicial groups 

1 
i 

1 ker(ay,7y) - 

i 

; 

1 ker^v 

; 
1 
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where K , L., i?. and S, are free simplicial resolutions of G, G/N, G/M and G/MN, 
respectively [1]. We define the Baer invariant of the triple {G,M,N) with respect to a 
variety of groups V as follows 

VM{G,M,N) = 7ri(ker(ay,7y)), 

where keT{av,^v) is defined in diagram (1.1). 

The article is organized as follows. In Section 2, we give a brief review for simplicial 

groups and some of their properties needed for the rest. In Section 3, First wc give some 
useful general results for computation of Baer invariant of triple of groups. In particular, 
we obtain long exact sequences that contain Baer invariants of triples and pairs of groups. 
Second, we prove that the Baer invariant of a triple preserves direct limits of directed 
systems of triples of groups. Moreover, we study the behavior of c-nilpotent multiplier 
with respect to the free product in some cases. Finally, wc obtain some conditions in 
which the c-nilpotent multiplier of a triple of groups is a torsion group. 



2 Preliminaries and Notation 

In this section we recall several concepts and results about the simplicial groups which 
will be needed in the sequel. A detailed can be found in [3] or [7]. 

A simplicial group is a sequence of groups Kq, Ki,K2, ■ ■ ■ together with homomor- 
phisms di : Kn — > Kn-i (faces) and .s,; : Kn — K^+i (degeneracies), for each < i < n, 
such that the following conditions hold: 

djdi = di-idj for j < i 

SjSi = Si+iSj for j < i 

{Si^idj for j < i; 

identity for j = i,i + 1; 

Sidj-i for J > i + 1. 

A simplicial homomorphism / : X — )■ L. is a sequence of homomorphisms : Kn —?■ Ln, 
for each n > 0, such that f odi = dio f, and f o Si = Si o f\ that is the following diagram 
commutes: 

Kn+l ^ Kn Kn-1 
fn+1 4- fn ■I' fn—1 4- 

Ln+1 ^ Liji Ln-1- 

From a simplicial group K^ we can derive a chain complex {NK^,d) which is called 
the Moore complex as follows: {NK)n = r)^~Q Kerdi and dn ■ NK^ NK^-i to be the 
restriction of dn- 

Theorem 2.1. ( [3]). 

1. For every simplicial group K_ the homotopy group TTn{K) is abelian even for n = 1. 
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2. Every epimorphism between simplicial groups is a fibration. 

3. Let be a simplicial group, then it^{K) = H^{NK). 

4. Hn{N{K.®L,)) ^Hn{NiK,)<S)NiL,)). 

A simplicial group is said to be free if each Kn is a free group and degeneracy 
homomorphisms s^'s send the free basis of Kn into the free basis of Kn+i- A free 
simplicial resolution of G consists of a free simplicial group K_ with 7ro(-fC.) = G and 
7r„(K) = o forn > 1 (see [9]). 



3 Baer Invariants of Triples 

In this section, we study the behavior of Baer invariants of triples of groups. First, we 
give some basic and essential properties of the Ba«r invariant of a triple of groups. 

Theorem 3.1. The Baer invariant of a triple of groups is a functor from the category 
of triples of groups to the category of abelian groups. 

Proof. Let / : (Gi,Mi,A'^i) (G2,-M2,A^2) be a homomorphism of triples of groups, 
functorial property of free simplicial resolutions yields the proof completed. □ 

Theorem 3.2. Let (G, M, N) be a triple of groups and V be an arbitrary variety of 
groups defined by a set of laws V. Then VM{G, M, N) satisfies in the following long 
exact sequences 



(3.1) 



• • • -J. VM(G, M, A^) ^ VM(G, N) VM(G/M, MN/M) 

7ro(ker(ay,7y)) ^ N/[NV*G] MN/M[NV*G] 

and 

■■■ VM{G, M, N) VM{G, M) VM{G/N, MN/N) 

7ro(ker(av,7y)) ^ M/[MV*G] MN/N[MV*G] 0. 

Proof. Consider Diagram (1.1) corresponding to triple of groups {G,M,N). In [6] one 
can find the following isomorphisms 

7ro(kerQ;^) = 7ro(ker/3^) = [mv*G] 

7ro(ker7„) = mTOST 7ro(ker<5.) - 



N[MV*G] nuy'^^'-vvj — M[NV*G] 

G/N 

^oyv{K)} - v(G) ^oyv{L)) - v(gin) 

^ t R \ G/M I S \ G/mN 



V{R.)' ~ V(G/M) "UVy(5.)/ ~ V{G/MN)- 

The left column of Diagram (1.1) yields the long exact sequence of homotopy groups, 
using the various isomorphisms we can rewrite it in the group theory language as the 
exact sequence (3.1). Also the top row of Diagram (1.1) induces the other long exact 
sequence. □ 
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Theorem 3.3. Let G = MN and V be the variety of abelian group of exponent q. Then 

we have the following long exact sequence 

■■■ ^VM{G,M,N) ^VM{G,N) ~>VM{G/M) 

^ M n N/M#qN N/[NV*G] G/M/V{G/M) 1, 

where M^qN is the subgroup of G generated by 

[m, n]t^; m £ M, ne N and t e MnN. 

Proof. Barja and Rodriguez in [1] obtained 7ro(ay,7y) = M n N/M#qN which gives 
the result. □ 

The long exact sequence of (3.1) implies the following theorem. 

Theorem 3.4. The Baer invariant of a pair of groups is a special case of the Baer 
invariant of a triple of groups i.e. VM{G,M,M) ^ VM(G,M) ^ VM{G,G,M) for 
any group G and any normal subgroup M. 

Theorem 3.5. Let {(Gj, Mj, A/j)}ig/ be a directed system of triples of groups. Then 

VM(lii^G,,lii^Mi,lir^Afi) ^ lu^VM{Gi, Mi, Ni). 

Proof. For any i G L, let Ki , , Ri and 5, be corresponding free simphcial resolu- 
tions of Gi,Gi/Ni,Gi/Mi and Gi/MiNi, respectively. Assume the following diagram of 
simphcial groups 



Ki 












Ri 









The authors in [10] proved that lin^7r„(A'j ) = 7r„( lin^ AT^ ), where Ki are simphcial 
groups. Hence lir^ATj , liujLj , lii^i?, and lin^S*; are simphcial groups correspond- 
ing to lin^Gj, limGj/Aj, hu^i Gj/Mj and linj Gi/MjNi, respectively. Also, the authors 
[11, Theorem 2.7] proved that lii^ (ker ay.) = kerlir^(ay.) and similarly lii^(ker 7^.) = 
ker lii^(7vj. Now consider the following commutative diagram: 

1^ ker((lin ^ ay. , lin ^ JVj)) — > kerli^(7y.) ker lir^(Q;y.) — > 1 

1 -)■ lin^(ker(avi,7v»)) ^ lin^(ker 7\/.) -> lir^(kcray.) 1. 

Similar to the proof of [11, Theorem 2.7], the Five Lemma implies that 

lii^(ker(ay^,7y.)) = ker((lii^ay , lin^7y )). 

Since homotopy groups of simphcial groups commute with direct limits [10] , the following 
isomorphisms hold 

VM(lim Gj, lim Mj, lim Nj) ^ tti ( ker(lii^ ay , lii^ 7yJ) 
^ TTi ( hi^ ( ker (ay, , 7yJ) ) ^ lii^ VM{Gj ,Mi,Ni). 

□ 
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Now we study the behavior of Baer invariants of triples of free products. 

Theorem 3.6. Let {Gi,Mi,Ni) be triples of groups, for i = 1,2. Then the following 
isomorphism holds 

M{Gi * G2, (Ml * M2f'*^\ {Ni * N2f'*^-') ^ M{Gi,Mi,Ni) ® M(G2, Ms, iVa). 

Proof. Van-Kampen theorem for simphcial groups imphes that Ki * K2 , Li * L2 , Ri * 
R2 and 5*1 *S2 are free simphcial resolutions corresponding to Gi*G2, (Gi/A^i*G2/iV2)) 
(Gi/Mi * G2/M2) and (d/MiiVi * G2/M2N2), respectively [2]. Since Ki and K2, are 
free groups, we have {Ki *K2 )"'^ = iff ^©iff''- Hence we have the following commutative 
diagram 

■ ; ■ ■ I ■ 

Rf © Rf ^^^^ Sf © Sf. 

Consequently, ker(Q:i © 02, 7i © 72) — ker(ai,7i) © ker(Q;2,72) which completes the 
proof. 

□ 

Lemma 3.1. Let Gi and G2 he two groups with {\Gf'\, \G'2\) = 1- Then for all c > I 
the following isomorphism holds 

, Ki *K2 , , Ki , , K2 , 



'-fc{Ki*K2y "'jciKiy^ "ic{K2y' 

where Ki and K2 are free simplicial resolutions of G\ and G2, respectively. 
Proof. First, we consider the following exact sequence which is proved in [10] 

1 ker 6c — 77- ^—^ — -— — - 1. (3.2) 

7c(ifi. *iC2.) 7c(^l. XiC2.) ^ ^ 

Note that ker 0c satisfies in the following exact sequence 

1 ^ [f^l.'-^2.,c-2Fr ^ ^ 0,_i ^ 1, (3.3) 

where F =Ki * K2 ■ Moreover 



[Ki,,K2,,c-iFf 

jor some t+j=c 



J2 Kf (g) ... (g) Kf Kf (g) ... ® 



i— times j— times 



Fix n, now by induction on c, we show that 7rn(ker(^c) is trivial. For c = 2, Theorem 3.6 



shows that ker (pc = 0- 
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Let c > 2, using Theorem 2.1 we have 

®E.+,=„-iror(7r,(Xf^),^,(Kf)) 

= ®E^+,=n^m(G'l)Cx)if, + i(G2) 

(BEi+j=n-iToriH,+,iGi),H,+,{G2)) = 0, 



and 



7r„(iCf ... ^ i^f Kf ® ... «) ) ^ 

^ v > ■ V > 

i— times j— times 

® Er+.=n ^r(i^f ® -fsTf ) ® 7r,(Kf ... Kf ® iff (g) ... ® ) 



-1— times j— I— times 



— ^ V > — '■ V > 

i— I— times times 

= 0. 

Therefore the induction hypothesis and the exact sequence (3.3) imply that 7r„(ker(/>c) 
is trivial for all n. 

The exact sequence (3.2) gives rise the following long exact sequence of homotopy 
groups 

7r„(ker(/)c) ^ 7r„(— — — — ) ^ . ' ^ ^' J ^ 7r„_i(ker 0^). 

7c(Ai * A2 J 7c(-f^l. X -fV2.) 

Hence the result holds. □ 

Theorems.!. Let {Gi, Mi, Ni) be triples of groups, for i = 1,2, such that {\Gf\, \Gf\) = 
1 . Then for all c> 1 

m('^)(Gi *G2, (Ml *M2)^l*^^ (A^i *iV2)^i*^2) = M(^)(Gi,Mi, Ari)eM(^)(G2,M2, A^2). 

Proof. Consider the same notation as the proof of Theorem 3.6 and fix c. Applying the 
homomorphism ^ ^k*^K2 ) ~^ 7 ^k^xK2 ) simplicial resolutions of pairs of groups 

{Gi,Ni), for i = 1,2, we get the following commutative diagram 

7rn+i( ^j2-^tl2.) ) ^ 7rn(ker(ai * a2)) ^ 7r„(:^^§^^§j^) ^ 7rn( ^j2itl,.) ) 

vj' 

^»+i( 7c(Li.xL,.) ) ^ 7r„(ker(ai X a2)) ^ ^n(^^^:s^3^) ^ ^n( ^^(^-^ xL,.) )- 

Lemma 3.1 and the Five Lemma imply that 7r„(ker (011*02)) — 7rn(ker(Q;i))©7rn(ker(a2))- 
Similarly for the pair of groups {G/M, MN/M) we have 7r„(ker(7i *72)) — 7r„(ker(7i)) © 
7r„(ker(72)). With a similar argument for the exact sequence (3.1) we have the following 
commutative diagram 

7r„(ker(ai * a2),ker(7i * 72)) 7r„(ker(ai * 02)) 7r„(ker(7i * 72)) 

-)■ 7r„(ker(ai,7i),ker(Q;2,72)) 7rn(ker(ai, 02)) 7r„(ker(7i, 72)). 
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Therefore we ean prove that 7r„(ker(ai *a:2,7i *72)) — 7r„(ker(ai, 71)) ©7r„(ker(Q;25 72))- 
Hence for n = 1, we have 

M^^Xd * G2, (Ml * M2)^i*^2^ (A^i * N2)^'*^^) = M^"'^ {Gi,Mi,Ni) M^^) (G2, M2, A^2). 

□ 

Theorem 3.8. Let M^^\G,N), M^^\G/N) and H^iG/N) he torsion groups. Then 
M^^XG^N) is also a torsion group, for all c> 2. 

Proof. Let and L. be free simplicial resohitions of G and G/N, respeetively. Con- 
sider the epimorphisms ^ and ^"^f^\ ""^4"+' ^"^-^.V By [4, Claim 2] 

■■^^ ^ -1n{K,) -1n\L.) 7„ + l(K.) 7n + l(i^.) ^ I- ) J 

'Ki{'^n{K ) / ^n+i{K )) is a torsion group. In [10] the authors obtained the following exact 
sequence 

7r2( 7^) 7ri(kera„/a„+i) 7ri( tttt)- (3-4) 

Note that 7ri(ker a„/a„+i) satisfies in the following exact sequence 

7ri(keran/an+i) ^ M("+^)(G,iV) ^ m(")(G, AT). (3.5) 

With a similar argument of [4, Claim 2] we can get the isomorphism 7r2{L°'^ (g) = 

H^{G/N)®Q = which leads to 7r2(7n(i.)/7n+i(A))«)Q = 0. Therefore 7r2(7n(A)/7n+i(^ 
is a torsion group. Thus (3.4) implies that 7ri(ker a^/a^+i) is a torsion group. Hence 
the result follows by induction from (3.5). □ 

Theorem 3.8 can be extended to triples of the groups with the similar argument. 

Theorem 3.9. Let M^^\G , M , N) , M^^\G), Hz{G/N), Hz{G/M) andHi{G/MN) he 
torsion groups. Then M^'^\G,M,N) is a torsion group, for all c> 1. 

Proof. A detailed proof is quite lengthy, so we give a sketch of proof. Consider the 
following commutative diagrams which induce from the diagram of the free simplicial 
resolutions of triple of groups {G, M, N) (1.1) 

K. ^ L. IniK.) Qn/an+l 7„(L.) 

lr.{K.) 7„(L.) 7n+l(K) ~^ lu+l{L.) 

Ill ; 

R. ^ S 7n(i?.) MPn+i 7n(5.) 

iJfi^ lr.[S.) 7n+l{«.) ^ 7n+l(S.)- 

With a similar argument of [11], we can obtain the following exact sequence 
7ri(ker(a„/a„+i,;3„/^„+i)) ^ M^^+i) (G, M, AT) ^ M^^\G,M,N) 

which satisfies in exact sequence 

7r2(ker/3„//3„+i) tti ker((an/Q;„+i, /3„//3„+i)) 7ri(ker a„/a„+i). 
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Moreover, 7r2(ker fits in the following exact sequence 

7q\^ ^ 7r2(ker/3„//3„+i) ^ 7r2(- r^). 

By Theorem 3.8, we have 7r2(ker a„/a„+i) and tt2 ( ^^/j ) ) slvc torsion groups. Hence 
the result is proved if we show that 713 ( ^'^"^f 'J ) is a torsion group. 

^ 7n+l \>J.) ' 

With a similar argument of the proof of Theorem 3.8, we can prove that if H4{G/MN) 
is a torsion group, then so is T^aiTf^^^^s^) ■ D 
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